Abstract: This paper concerns the large de ection of elastoplastic, non-linear strain-hardening cantilevers of rectangular cross-section, for which the stress-strain relationship after yielding is described by s K 1 e q . Both the bending moment and axial force are included in the yielding criterion, and the corresponding strain increments obey the associated normality rule. Comparisons between the experimental data and the theoretical predictions are made for mild steel cantilevers subjected to a tip force with an inclined angle f 67 5, 90 and 1578 respectively. R easonable agreement is obtained. The theoretical analysis has described the large de ection behaviour of the cantilever and is in good agreement with tests.
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INTRODUCTION
Large de ection of elastic-plastic cantilevers has been extensively studied for the last two decades. In 1978, R eid and R eddy [1] discussed the large de ection of a cantilever with a tip load acting in a xed direction for a rigid, linear-hardening moment-curvature relationship. Similar analyses for an elastic-perfectly plastic stressstrain relationship [2] and elastic-plastic material with linear strain hardening [3, 4] were made. Luan and Yu [5] studied the large de ection of an elastic-plastic cantilever subject to an inclined concentrated force before unloading occurs. The effect of inclined tip loads on the large de ection behaviour during the whole deformation process has recently been analysed in detail by Liu et al. [6] . N evertheless, in all these analyses the effect of axial force was ignored. These studies showed that the plastic deformation region extends from the root towards the tip of the cantilever as the external force increases. It reaches the maximum length, l pm , when the external force reaches a critical value, f cr1 , and then unloading occurs within the plastic region. The unloading deformation region extends from the advancing plastic region towards the root of the cantilever, as the external force continues to increase. Although the previous investigations have explained the de ection behaviour of the cantilever clearly, the effect of axial force on the yielding criterion and the corresponding ow rule was ignored. In problems such as forming, tension is, however, applied to a sheet or plate to minimize wrinkling and to reduce the required bending moment during forming processes, which is termed stretch bending [7] . The presence of axial forces moves the neutral axis from the central axis to some distance away. F or an elastic-perfectly plastic material under plane stress condition, Yu and Johnson [8] obtained the change in non-dimensional curvature with the presence of axial force. El-D omiaty and Shabaik [9] extended their work to elastoplastic, nonlinear work-hardening material. A systematic treatment of the axial force effect on the plastic bending is given by Yu and Zhang [10] . H owever, none of them provided an example.
The present study deals with the large de ection of cantilevers of rectangular cross-section subjected to inclined loads. The material is elastoplastic, non-linear strain hardening, with the plastic stress-strain relationship given by s K 1 e q (where
is a material constant, q is the strain-hardening exponent and E and s y are Young's modulus and the yield stress of the material). The effect of axial force on the deformation is also included.
BASIC ASSUMP TIONS AND EQUILIBRIUM EQUATIONS
F igure 1 shows the con guration of the cantilever under consideration. In the present analysis, the following assumptions are made:
1. The external force at the tip increases quasi-statically from zero while its direction remains unchanged in the space. 2. The cantilever has a rectangular cross-section of width B and depth H ; the cross-sectional shape and size will not change during the whole deformation process. 3. The effect of transverse shear strain on exural deformation is ignored.
F or the given con guration, it is straightforward to see that the non-dimensional bending moment and axial force at an arbitrary point S x y are
and N e s y BH are the maximum elastic bending moment and axial force respectively, L is the original length of the cantilever and f is the inclined angle of the external force with respect to the original axis of the cantilever 0 f p .
CONSTITUTIVE EQUATIONS
F or different combinations of m and n, the stress distribution across the section of a rectangular cantilever will fall into one of the following three types:
(a) pure elastic distribution (E type), (b) single-sided plastic distribution (PI type), (c) double-sided plastic distribution (PII type).
F or each of the PI and PII types, there are two cases: one is when the neutral axis is within the cross-section, and the other is when the neutral axis is outside the cross-section. The stress distributions of these ve cases are illustrated in F ig. 
Pure elastic regime (E type)
In this case, the non-dimensional bending moment m and axial force n can easily be deduced according to the stress distribution (F ig. 2a):
where r and d are the non-dimensional parameters c H 2 and d H 2 respectively. The transformation boundary of elastic to PI-type plastic deformation is m n 1 4
PI-type plastic regime
F igures 2b and c show the stress distribution of the PItype plastic regime. The following equations can be obtained for cases with the neutral axis either inside or outside the cross-section:
A detailed derivation for equation (5) is given in Appendix 1. The boundary for the transition of the neutral axis from inside to outside the cross-section can be expressed by equation (5) with d 1.
PII-type plastic regime
F rom F ig. 2d, when the neutral axis is within the crosssection, the non-dimensional bending moment and axial force are m r
D erivation for the above equation is given in Appendix 2. Similarly, when the neutral axis is outside the crosssection (F ig. 2e), it is found that
There are two cases for the transition from a PI-type to a PII-type plastic regime. When the neutral axis is inside the cross-section of the cantilever, the corresponding boundary is expressed as
When the neutral axis is outside the cross-sect ion, the boundary is found to be expressed as
Elastic-plastic deformation
The overall deformation of the cantilever can be described using the curvature, k, and the strain of the central axis, e. According to the geometry of the deformed cantilever, they can be expressed as k k e r 10 e kdH 2 11
Elastic-plastic deformation with partial unloading
D uring the deformation of the cantilever, the curvature of some segments may decrease as the external force increases, owing to local unloading as a result of the reduction in the arm length of the bending moment. R everse plastic deformation hardly occurs in the problem discussed here, so only elastic unloading is considered. The effect of elastic unloading of M and N is equivalent to adding reverse elastic loadings of ¡M and ¡N . When unloading begins, the bending moment, the axial force, the curvature and the strain of the central axis in the region are noted as m * , n * , k * and e * . The residual curvature and strain of the central axis after unloading, k and e 0 , are expressed as
e 0 e e n ¡ n * e * 0 13
where k e 2s y EH is the maximum elastic curvature and e e s y E is the maximum elastic strain.
NUMERICAL SOLUTION
N umerical solutions are obtained using a nite difference scheme in order to study the large de ection process of the cantilever. The ow chart of the algorithms used is shown in F ig. 4. The beam is divided into N segments with N 1 nodes. F or an initially straight cantilever, at the beginning of the deformation the node coordinates are x i i N and
, N . The value of the moment at the root of the cantilever, m 0 , is guessed and then increased step by step. F or each step, the corresponding value of the external force is calculated on the basis of the previous con guration as follows:
The bending moment and axial force at the ith intersection can be obtained by considering nodes away from the root one by one:
with the boundary condition x 0 y 0 0, and y 0 0 at the root. According to the combination of the bending moment and axial force, the distribution of stress (expressed by d i and r i ) can be found from equations (3), (5), (8) or (9). F or the ith segment, the curvature, k i , and the strain of the central axis, e i , can be expressed as equations (10) and (11). If unloading occurs, the curvature of segments and the strain of the central axis are obtained according to equations (12) and (13). Then, the con guration of the cantilever after deformation will be checked. N umerically, dS R dy and k 1 R (S is the curvilinear coordinate from the root). The rotation angle, y i , of any point is computed by
with y 0 0, where 
Clearly, the accuracy in the above analysis is limited by the fact that the bending moment and axial force are calculated on the basis of the beam con guration of the previous step. H ence, the difference between the present and previous curvatures for the whole beam is checked. The whole process is repeated until this difference is within a speci ed small value. This calculation is ceased when unloading of the plastically deforming region reaches the root of the cantilever.
EXPERIMENTS AND COMPARISON WITH NUMERICAL RESULTS
Experiments were carried out in order to validate the present theory on deformation of a cantilever under an inclined tip load. The test rig basically consisted of a frame and an adjustable clamp jaw assembly. The test specimen was clamped between two jaws to achieve a xed end condition. The clamp jaw assembly could be pivoted in steps of 22.58 to obtain inclined loading conditions. Strain gauges were used to measure the strain generated in the deformed cantilevers. Photographs of a deformed specimen and the experimental set-up are shown in F ig. 5a for a horizontal beam, and in F ig. 5b for a vertical beam. The horizontal beam experiments were used to simulate the cantilever with inclined angles of the external force f 4 90¯by adjusting the angle between the beam and the horizontal level. D isplacement transducers mounted by a magnetic stand measured the displacement along the vertical direction while the load increased step by step. The vertical beam experiments were installed on an Instron 4302 machine to simulate the cantilever with inclined angles of the external force f 90¯by adjusting the angle between the beam and the vertical line. The external force was recorded automatically in each vertical displacement increment. In these experiment arrangements, the self-weight of the beams could be neglected compared with the applied dead weight.
Inclined angles f of 67.5, 90 and 157.58 were selected respectively. The specimens were made of mild steel with H 6 mm, B 25 mm and L 650 mm. In the numerical analysis, the beam was divided into 500 segments N 500 . The mechanical properties of specimens were obtained from standard coupon tests, and a typical stress-strain curve is shown in F ig. 6. The average yield stress s y is 250 M Pa, and the average Young's modulus E is 206 G Pa. The material is approximated by elastoplastic, nonlinear strain-hardening behaviour, where the stressstrain relationship is given by s K 1 e q after yield. Because the measured strain on the top of the cantilevers is less than 0.1 in the experiments, the best t to the experimental stress-strain curve in the plastic regime up to this strain was obtained, and this gives the strainhardening exponent q 0 07 and K 1 400 M Pa. It is also plotted in F ig. 6 for comparison with the coupon test results.
F igure 7a shows the relationship between the nondimensional force, f, and the tip displacement along the force direction from the experiments and the theory. F or f 67 5¯and f 90¯, the applied load increases with the tip displacement monotonically. When f 157 5¯, the load becomes unstable. In other words, the applied load increases with the tip displacement until a peak, then decreases with the tip displacement to a certain value and nally increases again. The critical value of f for an unstable load-carrying capacity is about 1308, and its force-displacement relationship is also shown in F ig. 7a by a dotted line. F igure 7a shows that the agreement in the force-displacement relation between the theoretical analysis and the experiments is good. D isagreement occurs for f 157 5¯after the peak load. Because of the friction between the beam and the top plate which was used to push the tip of the beam, the tip displacement of the beam was restricted, especially for the case with a rapid displacement increment. It should be noted that the effect of the self-weight of the beam is neglected, as it is small compared with the applied load except in the initial loading stage.
F or f 67 5¯, the strain values on the top and bottom surfaces near the root of the cantilever under various external forces were also recorded in experiments, as plotted in F ig. 7b. It can be seen that the strains obtained from the theory and the tests are broadly close to each other. The difference is largely due to the idealization of the stress-strain relationship. Thus, after yielding, the strain values change more rapidly with position than indicated by theoretical prediction, owing to the existence of a plateau of the actual stress-strain curve immediately after yield.
FURTHER THEORETICAL ANALYSIS AND DISCUSS ION
The cantilevers used in experiments are analysed more thoroughly by the theory. In order to show the strainhardening effects, the strain-hardening exponent q 0 2 is used. The inclined angle of applied force is taken as f 45, 90 and 1358 respectively. Typical deformation pro les are plotted in F ig. 8a when the non-dimensional external force f reaches respectively f cr1 , at which unloading of plastically deforming region occurs, and f f cr2 , at which the plastic unloading region reaches the root of the cantilever. The corresponding nondimensional bending moment, m, non-dimensional axial force, n, strain on the central axis, e 0 , and curvature distributions are shown in F igs 8b to e respectively. These gures show that severe deformation evident from curvature and strain values occurs near the root of the cantilever, as expected. Calculation shows that this deformation concentration increases as the inclined angle f increases and the work-hardening exponent q decreases. It is noted that the bending moment on some sections begins to decrease before unloading of the plastically deforming region occurs; but the axial force continues to increase, even after the onset of unloading.
F or all cantilevers, a plastic region appears at f f p 1 540, 1.004 and 1.310 for f 45, 90 and 1358 respectively, and this region extends from the root towards the tip as the deformation develops. It reaches a maximum length l pm 0 478, 0.566 and 0.618 for f 45, 90 and 1358 respectively), and then unloading of the plastically deforming region occurs at f f cr1 5 824, 3.800 and 3.098 for f 45, 90 and 1358 respectively. U nloading of the plastically deforming region begins at the furthest point of the plastic region and gradually extends to the roots of the cantilevers. When f f cr2 13 25, 12.21 and 11.89 for f 45, 90 and 1358 respectively, the plastic unloading deforming region reaches the root of the cantilever. H owever, unloading of the elastically deforming region begins at the tip of the cantilevers and extends towards the root of the cantilevers until it meets the plastically unloading region. F igure 9 shows the variations in the non-dimensional maximum plastic region, l pm , with the inclined angle, f, of the external force for a wide range of the strain-hardening exponent, q, for the present cantilever; l pm increases with f and/or q.
It is known that the axial force does have an effect on the yield of the beam and the curvature in the plastic region. In the present case, the non-dimensional axial force is very low (see F ig. 8c), so it has little effect on the overall deformation of the cantilever. Another effect of the axial force is the change in the length of the cantilever. F or example, the above cantilever for f 90¯will be extended by 0.02 mm from its original length L 650 mm when f 8. Another example is taken from a study by Liu et al. [6] . The cantilevers they used in the experiments were of black steel strip with L 300 mm, B 10 mm and H 3 1 mm. They assumed a bilinear stress-strain relationship for this material, as shown in F ig. 10a, with a yield stress of 468 M Pa, a Young' s modulus E 183 G Pa and a hardening modulus of 695 M Pa. D evoid of the actual stress-strain curve of their specimens, it would be impossible to obtain the values of the various parameters for the present material model. N evertheless, it is noted that, in idealizing a real stress-strain curve into a bilinear one, one possible method involves drawing two straight lines: one for the linear elastic stage and the other tting the strain-hardening region. The intersection of these two straight lines is taken as the yield point, leading to an overestimate for the yield stress. In another possible method, the yield point could be determined rst, and then a straight line could be drawn from the yield point and tangential to the strainhardening part. It is unclear how Liu et al. idealized their stress-strain curve into a bilinear one. The present The inclined angle of the external force is selected as f 90, 135 and 1808 respectively. F or f 180¯, buckling of the cantilever occurs, so the initial imperfection is introduced by applying a force with an inclined angle f 179¯. After a small de ection has been formed, the inclined angle of the external force is assigned as f 180¯. F igure 10b shows the results of the present analysis and the previous study which used an elastoplastic, linear strain-hardening plastic material model and ignored the effect of axial force. The experiments conducted in reference [6] are indicated by circles. Slightly better agreement with experiments is reached by the present analysis than by the previous analysis. The main reason is that the present non-linear model may better describe the material behaviour than the bilinear model, especially in the yield region. Another factor is that the axial force is taken into account by the present analysis, although this effect can be insigni cant.
CONCLUSION
The large de ection behaviour of a cantilever made of an elastoplastic, non-linear strain-hardening material subjected to an inclined tip load is analysed. R easonable agreements are obtained between the experiment and the theoretical predictions for inclined angles f 67 5, 90 and 157.58. The theoretical analysis shows that the behaviour of cantilevers is largely similar to that reported in the literature [2] [3] [4] [5] [6] , where the effect of axial force was neglected. H owever, the present analysis appears to show a slightly better agreement with the experiments than the previous studies of a linear strain- [6] , and the non-linear relationship used in the present analysis; (b) comparison between the present analysis, that of Liu et al. [6] and their experiments hardening material model without the effect of the axial force, although the in uence of the axial force is insigni cant for the cases studied.
